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Transient Radiation Transport in Participating Media
Within a Rectangular Enclosure

Kunal Mitra,* Ming-Sing Lai,† and Sunil Kumar‡
Polytechnic University, Brooklyn, New York 11201

This paper outlines the formulation of the two-dimensional transient radiation transport through a
scattering– absorbing medium. The P1 approximation in a Cartesian coordinate system is invoked to
simplify the transient radiative transfer equation because it is very complicated to solve in its general
form. A boundary-driven radiative problem is considered in which the radiation intensities at some areas
on a surface are modeled as boundary conditions and maintained at constant values in all angular
directions.

Nomenclature
c = speed of light in the medium
D = nondimensional optical thickness
g = integrated phase function
H = Heaviside unit step function
I = scattered radiation intensity
IB = directionally uniform boundary intensity
L = width over which boundary source is present
Pn = Legendre polynomial
p = scattering phase function
Qx = nondimensional radiative � ux in X direction
Qy = nondimensional radiative � ux in Y direction
qx = radiative � ux in x direction
qy = radiative � ux in y direction
S = source term
T = nondimensional time
t = time
U = nondimensional intensity averaged over all directions
u = intensity averaged over all directions
W = nondimensional optical lateral width of the medium
X, Y = nondimensional space coordinate
x, y = Cartesian space coordinate

= polar angle measured from the positive x axis
= cos

a = absorption coef� cient
e = extinction coef� cient, a s

s = scattering coef� cient
= azimuthal angle
= solid angle
= scattering albedo

I. Introduction

M OST previous studies of radiative transfer through
scattering– absorbing medium assume the radiation

transport to be steady state. Benchmark numerical results for
the steady-state problem are available for semi-in� nite and
thick mediums.1,2 The steady-state radiative transfer problem
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for a gray absorbing and emitting medium in a rectangular
enclosure is considered using the PN approximation.3 A steady-
state two-dimensional analysis that computes the transfer of
solar or thermal radiation through cloudy atmospheres with
arbitrary optical properties has been reported in the literature.4

A survey of radiation heat transfer steady-state mathematical
formulation in multidimensional scattering– absorbing media
geometries is also available from the literature.5,6 However, a
two-dimensional transient problem that needs attention and has
not been considered in the literature is the backscattering or
transmission of a laser beam by a multiple scattering medium
when the incident laser beam is normal to the surface of the
media.

With the advent of short pulse lasers and their rapid de-
ployment in a variety of engineering applications such as
ocean and atmosphere remote sensing,7 optical tomography,8

laser surgery,9 and combustion product characterization and
combustion diagnostics,10 the traditional steady-state radiative
transfer formulations cannot be used to analyze their interac-
tion with participating media. A one-dimensional transient so-
lution for radiative transfer for one-dimensional geometry for
the case of laser incidence on the surface and propagating at
speed c inside the scattering– absorbing medium has been de-
veloped and reported in the literature.11 It is shown that the
results obtained by the consideration of the complete hyper-
bolic transient radiative transfer equations are signi� cantly dif-
ferent than the commonly used equations obtained by neglect-
ing the transient terms or by considering the transport via a
transient diffusion formulation. This difference is pronounced
during the initial transients and therefore is important for an-
alyzing short time data. The work11 is extended in the present
study to two-dimensional Cartesian geometries. In this paper
the � rst step in analyzing the transient radiative transfer in a
two-dimensional Cartesian coordinate system has been taken
for the case of a boundary-driven problem in which the driving
radiation intensity is maintained at a constant magnitude on
parts of the bounding surface. The P1 approximation is used
to analyze the two-dimensional effects in a scattering– absorb-
ing media having a rectangular geometry.

Even though steady-state studies5,10 have shown that the P1

approximation for the intensity distribution is not as accurate
as more sophisticated approximations and that the P1 approx-
imation fails to match the correct propagation speed,11 the P1

method is used in the study because of the following consid-
erations. The present study is the � rst attempt at solving the
transient two-dimensional case, and the more sophisticated ap-
proximations have been found to be mathematically and nu-
merically intractable at this juncture. Convergence is very dif-
� cult to obtain for higher-order approximations that would
exhibit better accuracy and signal propagation speeds. In con-
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Fig. 1 Schematic of the coordinate system.

trast, the P1 method is computationally ef� cient and conver-
gence is always obtained. Also, the trends obtained by varying
different parameters are expected to exhibit the same charac-
teristics as the other methods, albeit with less accuracy. Since
the present study seeks to examine the unique characteristics
and unique qualitative trends and variations of the transmission
results of the two-dimensional wave-like transient radiative
transfer equation, the P1 approximation is therefore appropriate
and is thus utilized.

In this study the transient radiative transfer equation in two-
dimensional geometry is solved numerically for the � rst time.
The effects of boundary source width, lateral width, properties,
and different boundary conditions on the transmission results
are analyzed. The boundary-driven problem is considered to
highlight the results, such as transmitted � ux, during the initial
transients. Comparisons with the diffusion approximation and
with the steady-state values at long times are also made. The
boundary source is turned on at an initial time and maintained
for all times, except for one case where the boundary source
is applied for a certain time and then shut off.

II. Theory
The physical case under consideration is a two-dimensional

scattering and absorbing medium in a Cartesian coordinate sys-
tem in which radiation is maintained at the surface at a con-
stant value in all directions. The geometry of the problem con-
sidered is a x-y coordinate system being in� nite in the z
direction (see Fig. 1). The radiative transfer equation assuming
constant properties can be written as12– 14

1 I(x, y, , , t) I(x, y, , , t)
cos

c t x

I(x, y, , , t)
sin cos = I(x, y, , , t)ey

s
I(x, y, , , t)p( , ® , ) d

4 4

S(x, y, , , t) (1)

The term cos represents the direction cosine in the positive
x direction and sin cos is the direction cosine with respect
to the positive y axis (see Fig. 1). Equation (1) is an integro-
differential equation where the partial differentials correspond
to a hyperbolic differential equation that yields wave solutions.

The scattering phase function can be represented as a series
of Pn by the following14,15:

N

p( , ® , ) = a P (cos )P (cos )n n n
n=0

N n
(n m)! n n2 a P (cos )P (cos )cos n( )n m m(n m)!n=1 m=1

(2)

where N is the order of anisotropy of the scattering phase
function, and an are the coef� cients in the expansion and a0

= 1.
The P1 approximation is used to analyze the transient radi-

ative transfer equation in the two-dimensional geometry. For
the boundary-driven problem, S vanishes from Eq. (1) and the
source of radiation is introduced through one of the boundaries
of the medium. Since the objective of the study is to seek
simple leading-order solutions that give insight to the behavior
of the radiation transport through the media, the radiative
transfer equation is integrated and solutions that satisfy the
integrated equation are evaluated. Integrating Eq. (1) with re-
spect to the solid angle d and repeating the integration after
multiplying Eq. (1) with cos and sin cos yields a set of

equations that can be simpli� ed by introducing the linear ap-
proximation intensity distribution11:

I(x, y, , , t) = u(x, y, t) cos (3/4 )q (x, y, t)x

sin cos (3/4 )q (x, y, t) (3)y

where

1
u(x, y, t) = I(x, y, , , t) d (4a)

4 4

q (x, y, t) = I(x, y, , , t)cos d (4b)x

4

q (x, y, t) = I(x, y, , , t)sin cos d (4c)y

4

The resultant equations can be expressed as the following:

4 u(x, y, t) q (x, y, t) q (x, y, t)x y
4 u(x, y, t) = 0a

c t x y
(5a)

1 q (x, y, t) 4 u(x, y, t)x ( g)q (x, y, t) = 0e s x
c t 3 x

(5b)

1 q (x, y, t) 4 u(x, y, t)y ( g)q (x, y, t) = 0e s yc t 3 y
(5c)

where g is given by

3 1
g = p( ® )cos cos d d

4 4 4 4

3 1
= p( ® )sin cos

4 4 4 4

a1
sin cos d d = (6)

3

The set of Eqs. (5a– 5c) are nondimensionalized in the fol-
lowing manner:

ct eX = x , Y = y , T =e e
3

(7)
u q qx y s

U = , Q = , Q = , =x y
I I IB B B e

The nondimensional form of Eq. (5) becomes

U 3 Q 3 Qx y
3(1 )U = 0 (8a)

T 4 X 4 Y

Q 4 Ux
3(1 g)Q = 0 (8b)x

T X3
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Fig. 2 Schematic of the boundary conditions considered.

Fig. 3 Comparison of one- and two-dimensional transmitted � ux
for establishing validity of numerical results.

Q 4 Uy
3(1 g)Q = 0 (8c)y

T Y3

The boundary conditions are such that the intensities point-
ing to the inside of the medium are zero, i.e., for the P1 ap-
proximation (see Fig. 2)

I d = 0 (9)
2

where 2 represents the hemisphere pointing inward to the
inside of the medium, except at the areas that provide the
source of radiation. For this study only the driving boundary
condition is at X = 0 surface, for which the boundary condition
is given by the following expression:

I(X = 0, 0 Y L, cos > 0, , T ) = I H(T ) (10)B

where L is the nondimensional lateral width (0 < L W ) and
H(T ) is the Heaviside function. The nondimensional optical
thicknesses of the medium are W in the Y direction and D in
the X direction. The boundary conditions for other surfaces
can be represented by the following equations:

Q (X = D, Y, T ) = 0 (11a)x

Q (X, Y = 0, T ) = 0 (11b)y

Q (X, Y = W, T ) = 0 (11c)y

where the superscripts and represent the positive and
negative coordinate axes, respectively.

The boundary conditions on the four boundaries for the pre-
vious system of equations as given by Eqs. (10) and (11) can
be represented in terms of the variables U, Qx, and Qy as

U(X = 0, 0 Y L, T )

= ( 1/2 )Q (X = 0, 0 Y L, T ) H(T )x

(12a)
U(X = 0, L < Y W, T )

= ( 1/2 )Q (X = 0, L < Y W, T )x

U(X = D, Y, T ) = (1/2 )Q (X = D, Y, T ) (12b)x

Q (X, Y = 0, T ) = 0 (12c)y

U(X, Y = W, T ) = (1/2 )Q (X, Y = W, T ) (12d)y

To verify the computational methodology and the computer
programs, the two-dimensional results are compared with the
one-dimensional results. This is done by replacing the bound-
ary condition for the two-dimensional geometry given by Eqs.
(11c) and (12d) by

Q (X, Y = W, T ) = 0 (12e)y

and by considering the source to be over the entire surface,

i.e., between 0 and W at X = 0 surface. This represents the
case for which the boundaries in the lateral direction are in-
sulated. Other boundary conditions on the lateral surface are
also used and they are indicated later in the text.

The set of equations given by Eq. (8) is solved by a half-
node discretization technique.16 By this method the U values
are computed at half-distances ahead of � ux for the hyperbolic
equations for satisfying the stability criteria. The intensities
and � uxes at the boundaries are also discretized similar to that
of the governing equation.

III. Results and Discussions
The two-dimensional radiative transfer equation in a Car-

tesian coordinate system is solved using P1 approximation for
the case of the boundary-driven problem formulation. Different
magnitudes of the area over which boundary sources are ap-
plied are considered, as are different boundary conditions on
the lateral boundaries. The effects of property variations inside
the medium are also analyzed. The transmission results ob-
tained for various cases represent at X = D for varyingQ x

locations in the Y direction.

A. Validation of Two-Dimensional Model

The validity of the results of the two-dimensional P1 ap-
proximation is examined by comparison with the one-dimen-
sional case. For this purpose, the two-dimensional boundary
conditions for heat � ux in the lateral direction Qy are kept zero
(insulated boundaries) on both sides and the driving boundary
conditions are applied over the entire width (0 Y H = W)
at X = 0.

The one- and two-dimensional transmission results for D =
1.0, = 0.9, g = 0.215, and W = 1.0 (for a two-dimensional
case) are plotted in Fig. 3 for diffuse boundary radiation of
constant magnitude in all directions. The one-dimensional re-
sults are obtained both by the method of characteristics and
the � nite difference half-node discretization technique. The
two-dimensional results are obtained numerically using the
half-node discretization technique. The one- and two-dimen-
sional results overlap each other suggesting that the two-di-
mensional formulation is as accurate as the one-dimensional.
The values of grid sizes ( X and Y ) and temporal node size
( T ) are varied by one order in either direction and the results
are found to be stable and converging. But there is a slight
difference in the time when the � rst signi� cant transmitted
signal is observed, which is the time taken by the photons to
traverse the depth of the medium, between grid sizes X = Y
= 10 2 and X = Y = 10 3. The � ner the grid sizes, the more
accurate the results. By further reducing the grid sizes the nu-
merical solution and the one-dimensional solution, obtained by
the method of characteristics, match each other. Coarse grids
cannot adequately represent the sharp wave front of the radi-
ation signal and tend to smear the front, leading to photons
being predicted to arrive faster than the signal speed predicted



412 MITRA, LAI, AND KUMAR

Fig. 8 Comparison of the transmitted � ux for different boundary
conditions and varying W .

Fig. 7 Transmitted � ux for D = 1.0, W = 0.5, and = 0.9 for a
boundary source between 0– 0.4W.

Fig. 6 Transmitted � ux for D = 1.0, W = 2.0, and = 0.9 for a
boundary source between 0– 0.1W.

Fig. 5 Comparison of the transmitted � ux for different boundary
source widths.

Fig. 4 Transmitted � ux for boundary source between a) 0– 0.2W
and b) 0– 0.8W .

by the method of characteristics. The value of X = Y = 10 2

is used from Figs. 4– 11 because it is noticed from Fig. 3 that
� ner grid sizes improve the prediction of propagation speed,
but the magnitude of the transmissivity is almost identical for
both grid sizes.

Note that the wave speed for the P1 method is asc/ 3
discussed in the literature.11 The wave front therefore arrives
at time ct e = . Detailed discussions of the signal speed3D
(or wave speed) of the P1 method can be found elsewhere.11

B. Effect of Boundary Source Width

The transmitted � ux for the two-dimensional case is plotted
in Figs. 4a and 4b for different boundary source widths. Here,
Qy(Y = 0) = Qy(Y = W ) = 0 and the medium under consider-
ation has D = 1.0, W = 1.0, and = 0.9. Transmitted � ux at
X = D and at different Y coordinate locations along the lateral
direction are examined. It is seen that the transmitted � ux de-
creases along an increasing coordinate location in the lateral
direction because of the increase in the mean distance from
the boundary source. The transmitted � ux is zero initially until
the optical signal from the nearest point of the source traverses
the depth of the medium, it then reaches a maximum value
after which it starts to decrease. The maximum value is

reached when wave fronts from all points of the boundary
source have reached the location at which the transmission is
being measured. The reduction following the peak may be at-
tributed to the outscattering from lines of sight between the
source and detector. But the transmitted � ux again increases
because of the re� ection of waves from the boundaries. Insu-
lated boundary conditions imply that the thermal/radiative re-
� ection of waves occur from the boundaries of the medium.
The boundaries of the medium do not re� ect or emit any ra-
diation intensity. After long time periods, the � ux reaches a
constant steady-state value. The magnitude of the transmitted
� ux does not vary with the lateral location for a boundary
source located over the entire width between 0 and W. But for
other values of boundary source width, the transmission varies
along the lateral direction and the highest magnitude is at Y =
0. The re� ection phenomenon is not because of numerical os-
cillations as the results are thoroughly tested by using different
grid sizes for temporal and spatial nodes and the consideration
of different boundary source widths.
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Fig. 9 Comparison of the transmitted � ux for varying properties
inside the medium.

Fig. 10 Comparison of the transmitted � ux for hyperbolic, par-
abolic, and traditional P1 models.

Fig. 11 Comparison of the transmitted � ux for hyperbolic, par-
abolic, and traditional P1 models for the source pulsed in time.

In Fig. 5 the transmitted � ux at Y = 0 is shown for different
boundary source widths for the same parameters and boundary
conditions as in Fig. 4. The boundary condition of Qy(Y = W )
= 0 implies a boundary where the re� ection of waves takes
place. The greater the width of the boundary source, the higher
the transmitted � ux. The smaller the width of boundary
sources, the longer the time period when the re� ection of the
transmitted signal at Y = W occurs, because the radiation from
the boundary source has to travel larger distances before being
re� ected.

C. Effect of Lateral Width

Figures 6 and 7 show the two-dimensional transmitted � ux
for W = 2.0 and 0.5, respectively, and having D = 1.0 and
= 0.9. For these cases and that in Fig. 4a, the boundary con-
ditions and the boundary source width (=0.2) are the same.
The smaller the W, the larger the amount of multiple re� ections
of waves from the boundary before the transmitted value
reaches a constant steady-state value will be. When the value

of W is large, the re� ection of waves may not be felt because
of the attenuation over the large distance. Hence, multiple
peaks for the transmitted � ux are observed in Fig. 7 because
the lateral width is the least among different cases considered.

D. Effect of Different Lateral Boundary Conditions

Three different boundary conditions are considered to study
their effect on the transmission results for a source spanning
the entire boundary, i.e., between 0 and W at X = 0. These are
a, Qy(Y = 0) = Qy(Y = W ) = 0; b, Qy(Y = 0) = (Y = W ) =Q y

0; and c, (Y = 0) = (Y = W ) = 0. Case a represents theQ Qy y

case where the boundary conditions in the lateral direction are
insulated, and therefore loss of energy occurs only through the
top and bottom surfaces. In case b there is loss of energy
through the Y = W boundary, whereas for case c, energy is lost
from all four surfaces of the medium. The two-dimensional
transmitted � ux at Y = 0 is plotted as a function of time for
different boundary conditions and lateral width dimensions
as shown in Fig. 8. The magnitude of the transmitted � ux for
the case of boundary condition Qy(Y = W ) = 0 (case a) is in-
dependent of W and behaves as a one-dimensional medium
(cf., Fig. 3). But the transmitted � ux for boundary condition

(Y = W ) = 0 (case b), which implies a nonre� ecting bound-Q y

ary, is a strong function of lateral width. The transmitted � ux
for the boundary condition (Y = 0) = 0 and (Y = W )Q Qy y

= 0 (case c) has the least magnitude because both of the bound-
aries are nonre� ecting in nature. For case a, the transmitted
� ux has a higher magnitude because the energy is kept inside
the medium because of the re� ection of waves from the bound-
aries. For the case of (Y = W ) = 0, the transmitted � ux isQ y

also plotted as a function of the lateral width of the medium.
For smaller lateral widths the value of the transmitted � ux is
smaller since the corresponding ratio of the surface area
through which energy leaves to the scattering volume is in-
creased. The same phenomena is magni� ed for the boundary
condition (Y = 0) = 0 and (Y = W ) = 0 because bothQ Qy y

lateral boundaries lose energy.

E. Effect of Properties

Figure 9 shows the effects of property variations inside the
medium when both lateral boundaries are insulated (case a). If

is 0.9 throughout the medium, higher values of transmission
are obtained as compared to media in which lower albedo
(more absorbing) inclusions are present. For an inclusion hav-
ing a partial albedo of 0.3 within the medium of albedo of 0.9,
there is not only a decrease in the magnitude of the transmitted
� ux, but an in� ection is observed in the temporal signal of the
transmitted � ux distribution. The in� ection is prominent for
the case where the inclusion is at the center of the medium,
but is not observed when the inclusion spans the entire width.
This is because the presence of the lateral boundaries of the
inclusion inside the medium introduce the in� ection. The oc-
currence of this in� ection is signi� cant because it can provide
information about the presence of some inhomogeneity inside
the medium. The internal boundaries of the inhomogeneity in-
side the medium are treated as nonre� ecting.

F. Comparison Between Different Simpli� cations
of the P1 Model

The transmissivity at Y = 0 for hyperbolic, parabolic, and
traditional P1 models for a boundary source between 0– 0.2W
is plotted in Fig. 10. The parabolic solution is determined by
dropping the time derivative term from Eqs. (8b) and (8c),
whereas the traditional method solution is obtained by drop-
ping the time derivative term from Eqs. (8a– 8c). Since there
is no explicit time derivative in the traditional method, any
time variation is introduced through the driving boundary con-
ditions only. The hyperbolic model attains multiple peaks be-
cause of the re� ection from the boundaries of the medium,
whereas the parabolic model attains a steady-state value with-
out undergoing any such re� ections at the boundaries. The
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parabolic model predicts a transmission value even at small
times, indicating a physically unrealistic propagation speed
that is greater than the speed of light. The hyperbolic model
does not suffer from such drawbacks. The transmissivity for
the traditional case remains at a constant value because the
source remains on at all times and the results follow the time
variation of the source. The constant value of the transmission
shown by the traditional method will therefore remain as long
as the source stays on. This implies an in� nite speed of prop-
agation since transmission is observed at the same instant that
the source is turned on. Both the hyperbolic and parabolic
models reach the same steady-state values after long times.

For all cases considered previously the boundary source is
present at all times. To examine the difference in the predicted
transmission signals when the source is shut off, the nondi-
mensional transmissivity at Y = 0 is plotted for hyperbolic,
parabolic, and traditional methods in Fig. 11 for the case in
which the source is shut off after a � nite time (i.e., the source
is pulsed in time). As indicated previously, the temporal vari-
ation of the transmission mimics that of the source for the
traditional method. The transmissivity predicted by the tradi-
tional method thus drops to zero as soon the source is shut off.
It must be noted that the source is on for a nondimensional
time of unity as de� ned by Eq. (7). Therefore this corresponds
to ct e = . The hyperbolic and parabolic models predict3
� nite values of transmission for time periods after the source
is shut off. This corresponds to the � nite time taken by the
photons to escape from the medium after multiple scattering
within the medium.

IV. Conclusions
The present study is the � rst one to examine the modeling

of transient radiative transfer in a two-dimensional enclosure
using the complete hyperbolic formulation. The two-dimen-
sional transmission results using the P1 approximation are ob-
tained for a variety of boundary conditions and medium di-
mensions. There is a signi� cant difference in the transmission
results depending upon the hyperbolic, parabolic, or traditional
formulations selected. The effect of the presence of internal
boundaries and/or refraction at the boundary of the medium
can also be incorporated into the solution easily. The analysis
of the nature of the transmission distribution is very important
in different technologies. For example, it has tremendous po-
tential in optical tomography to detect the presence of inho-
mogeneities such as tumors inside living tissues and organs.
The study demonstrates that the complete radiative transfer
equation yields signi� cantly different results than the previ-
ously used diffusion and other models from the literature. An
experimental study17 has shown that the previous models fail
to match experimental data. The present study is the � rst step
toward more realistic two-dimensional modeling and the re-
sults of this model in the one-dimensional geometry11 have
been shown to qualitatively match experimental data better
than the previous models. Future research is needed to extend
the present formulations to cylindrical two- or three-dimen-
sional geometries for which experimental data exist.
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